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Motivating application -
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• Tomographic inverse problem:

given data b and operator A, find u such that
Au = b + noise

• First goal: Study regularized recostructions in cone-beam tomogphy
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Motivating application -

• Why regularized?: undersampled (few-view) data

Phantom FDK 1024 views FDK 60 views
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Mathematical fomulation -

• We pose the reconstruction problem as

u† = argmin
u

1
2∥Au − b∥2 + λR(u), λi > 0,

where R is a convex lower semicontinuos function and λ is a
multivalued parameter.

• and the parameter learning problem as

λ† = argmin
λi>0

{
L(λ) := 1

2∥uλ − utrue∥2
}

subject to uλ ∈ argmin
u

1
2∥Au − b∥2 + λR(u),

where utrue is some available ground-truth image.
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Mathematical fomulation - image reconstruction

• For some R, FISTA is a valid choise:
uk+1 = proxγλR

(
ûk − γA∗ (Aûk − b)

)
tk+1 =

1
2

(
1 +

√
1 + 4t2k

)
ûk+1 = uk+1 +

tk − 1

tk+1
(uk+1 − uk)

• where computing the proximity operator

proxγλR(b) = argmin
u

{
1
2∥u − b∥2 + γλR(u)

}
is now a denosing problem for a noisy image b regularized with R.

5 / 24



Mathematical fomulation - image reconstruction

• For some R, FISTA is a valid choise:
uk+1 = proxγλR

(
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Mathematical fomulation - image reconstruction

• To avoid the denoising step, the Condat-Vu algorithm extends R as
R ◦ L + h to now solve

argmin
u

1
2∥Au − b∥2 + λR(Lu) + λh(u), λi > 0,

with L a linear operator and h also convex and lower semicontinuos,

• It iterates as{
uk+1 = proxγλh

(
uk − γL∗wk − γA∗ (Auk − b)

)
wk+1 = proxτ(λR)∗ (wk + τLuk+1)

• R could be simple now if we split it from L, the idea is to have a
close-form expression of proxR∗(wk)
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Mathematical fomulation - parameter learning

• Recall our learning problem

λ† = argmin
λ>0

{
L(λ) := 1

2∥uλ − utrue∥2
}

subject to uλ ∈ argmin
u

1
2∥Au − b∥2 + λR(u),

• We will solve it with a gradient-based algorithm,
challenge: computing the gradient of L with respect to λ

• Appraches based on smoothing R and the adjoint state1 exist, or
based on nonsmooth trust regions2. However we will explore automatic
differentiation (AD) approaches.

• The main challengue (with high-resolution problems) is now
memory-related.

1De los Reyes, Schönlieb, Valkonen. J. Math. Imaging Vis. (2017)
2De los Reyes, Villacis. (2022)
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Mathematical fomulation - parameter learning

• We need the derivatives

∂L

∂λi
=

∂L

∂uλ

∂uλ
∂λi

• therefore we need
∂uk
∂λi

where uk is the k-iteration of e.g. Condat-Vu

which has the form
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Mathematical fomulation - parameter learning

• Finally, we need the derivatives

∂u

∂λi
=

∂p

∂f

(
∂f

∂u

∂u

∂λi
+

∂f

∂w

∂w

∂λi

)

=
∂p

∂f

∂f

∂u

∂u

∂λi
+

∂f

∂w

(
∂q

∂g

(
∂g

∂u

∂u

∂λi
+

∂g

∂w

∂w

∂λi

)
+

∂q

∂λi

)
• Mind the terms

{∂q
∂g

,
∂q

∂λi

}
• Stored RAM memory in one GP / CV / informed CV iteration

GP CV iCV
stored memory (MB.) 153 82 25

• If needed, truncated backpropagation could be employed as well
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Mathematical fomulation - parameter learning

• Example: total variation and nonnegativity :

R = ∥ · ∥2,1, L = ∇, h = ıR+

q(w , λ) = proxλR∗(w) = Π∥w∥2,∞≤λ(w) =
w

max
{
1, λ−1|w |2

}

then we have the derivatives

∂

∂λ
q(w , λ) =

w |w |2
λ2max2

{
1, λ−1|w |2

}H(λ−1|w |2)),

∂

∂w
q(w , λ) =

H(λ−1|w |2)w2/|w |2
λmax2

{
1, λ−1|w |2

} − 1

max2
{
1, λ−1|w |2

}
with H the Heaviside step function
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Mathematical fomulation - parameter learning

• Example: sparsity on some new basis and nonnegativity :

R = ∥ · ∥1, L = W, h = ıR+

q(w , λ) = proxλR∗(w) = Π∥w∥2,∞≤λ(w) =
w

max
{
1, λ−1|w |
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then we have the derivatives
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Mathematical fomulation - parameter learning

• Example: total generalized variation and nonnegativity :

argmin
u

1
2∥Au − b∥2 + λR(L(u, v)) + λh(u, v), λi > 0,

= argmin
u,v

1
2∥Au − b∥2 + λ1∥∇u − v∥2,1 + λ2∥Ev∥2,1 + h(u, v)

and we can still apply Condat-Vu with

L =

(
∇ −Id
0 E

)
, R =

(
∥ · ∥2,1
∥ · ∥2,1

)
, h =

(
ıR+

0

)

then we know from tv the derivatives

∂

∂λ
proxλR∗(w),

∂

∂w
proxλR∗(w)

with now w = (w1,w2) the dual variable of (u, v)
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Mathematical fomulation - parameter learning

• Example: infimal convolution total variation and nonnegativity :
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1
2∥Au − b∥2 + λ1∥∇u −∇v∥2,1 + λ2∥E∇v∥2,1 + h(u, v)

and we can still apply Condat-Vu with
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0 E∇

)
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∂

∂λ
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• PG, Bellens, Dewulf, arXiv:2412.10034 (2025)
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with Krylov subspaces -

• Recall our reconstruction problem

argmin
u

1
2∥Au − b∥2 + λR(Lu) + h(u), λi > 0,

• A can be reduced by performing l (≪ pixels) steps of Golub-Kahan
bidiagonalization giving the decomposition

AV = UB,

where the orthogonal matrix V ∈ Rn×ℓ spans the Krylov subspace

Kℓ(A
TA,ATb) = span{ATb, (ATA)ATb, . . . , (ATA)ℓ−1ATb},

then we solve

min
y∈Rℓ

1
2∥UBy − b∥2 +R (LVy) + h (Vy) ,

17 / 24
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with Krylov subspaces -

and because of UTb = ∥b∥e1 with e1 = [1, 0, ..., 0]T, we are solving

min
y∈Rℓ

1
2∥By − ∥b∥e1∥2 +R (LVy) + h (Vy) (1)

which can already be solved with Condat-Vu yk+1 = proxγh◦V

(
yk − γVTLTwk − γBT(Byk − βe1)

)
wk+1 = proxτ(λR)∗ (wk + τLVyk+1)

we also have proxγh◦V = VT ◦ proxγh ◦ V, the iteration becomes yk+1 = VTproxγh

(
−γLTwk + V

(
yk − γBT(Byk − βe1)

))
wk+1 = proxτ(λR)∗ (wk + τLVyk+1)

then (yk) convergences weakly to a solution y of (1) and x = Vy is our
final reconstruction.
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Numerical results 2 -

Convergence behaviour
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Numerical results 2 -

sample Condat-Vu 60 projections Krylov-Condat-Vu 60
projections
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Some conclusions -

• Automatic differentiation in bilevel learning can be feasible even in
high dimensional problems.

• Condat-Vu acceleration seems promising as well3

• Krylov-Condat-Vu could accelerate considerably the computing time in
this kind og problems (particularly in the learning step)

• Still needs a better understanding around numerical instabilities

3Driggs, Ehrhardt, Schönlieb, Tang. 2024
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→ thanks !


	Title
	Motivating application
	Mathematical fomulation
	image reconstruction
	parameter learning

	Numerical results 1
	with Krylov subspaces
	Numerical results 2
	Some conclusions

